Introduction
My research interests are in number theory where I use mostly analytic tools to study objects from algebraic number theory and arithmetic geometry. I am interested in topics such as modular forms, class numbers, quadratic forms, and finite fields. However, most of my current work is focused on elliptic curves, and in particular on their reductions.
The theory of elliptic curves figured strongly in celebrated results such as the proof of Fermat's Last Theorem and Tunnell's characterization of the Congruent Number Problem. The theory continues to be relevant today. Indeed, one of the Clay Institute's Millenium Prize Problems is the Birch and Swinnerton-Dyer Conjecture. Furthermore, elliptic curves occupy important roles in modern applications such as primality testing, integer factoring, cryptography, and digital signatures.
An elliptic curve is a smooth curve of genus one having a specified base point. For simplicity, we may think of E as being given by a Weierstrass equation
We adjoin to the solution set of (1) an additional point at infinity, denoted by O E . Such a model is sufficient provided one is not working in a field of characteristic two or three. This will not be a serious restriction for the purpose of this statement.
Suppose that E is an elliptic curve over Q given by (1). It is well-known that the set of rational points
forms a finitely generated Abelian group under a certain "chord-tangent" addition law. The endomorphism ring, denoted End(E), is the set of rational maps from E to itself that fix O E , and it is well-known that End(E) is isomorphic to either Z or some order O in an imaginary quadratic field. In the latter case we say that E has complex multiplication (CM), and in the former we say that E does not have CM. Given a prime p where E has good reduction, we consider the reduced curve, which we denote by E p . In the case that p does not divide the discriminant ∆(E) := −16(4a 3 + 27b 2 ), then we may think of E p as being given by the model (1) after the coefficients have been reduced modulo p. My research focuses on various invariants attached to the reduction E p . Such "local invariants" are studied because they are important for application or are believed to carry information about the global curve E.
Results and Further Research
The number of F p -rational points. Perhaps the most natural local invariant to study is the number of F p -rational points, which we denote by #E(F p ). This quantity is important in many practical applications. For example, finding curves of non-smooth order (i.e., #E(F p ) is divisible by a large prime) is one of the principal problems of elliptic curve cryptography [10, 14] . On the other hand, it is desirable to find curves whose order is divisible by many small primes for the elliptic curve integer factoring algorithm [13] . Hasse showed that #E(F p ) is never too far away from p + 1. Indeed, if we let a p (E) := p + 1 − #E(F p ), then Hasse showed that |a p (E)| < 2 √ p. The quantity a p (E) is called the trace of Frobenius and is perhaps the most famous local invariant, receiving the greatest attention. However, given the desire to find curves of a specified order for the above applications, it is important to study the prime counting function M E (N ) := #{p : #E(F p ) = N }. Note that if p is a prime counted by M E (N ), then the Hasse's bound implies that p lies in a very short interval. In particular, (
is always a finite number satisfying the the trivial bound M E (N ) √ N / log N . In the case that E has CM, Kowalski [11] showed that for any > 0, we have the stronger bound M E (N ) E, N . He asks whether or not the same should be true for E without CM, and his numerical data suggest that perhaps something stronger is true. Yet nothing stronger than the trivial bound is known for the non-CM case.
In recent work with Chantal David [5] , I computed the average value of M E (N ) over a family of elliptic curves. Our work requires us to assume a certain conjecture that may be viewed as a short interval version of the Barban-Davenport-Halberstam (BDH) Theorem. For the sake of brevity, we omit the details of this conjecture and the precise description of the family of elliptic curves C over which we average. The interested reader is invited to visit my website for a preprint of this work.
Theorem 1 (David-Smith). Let γ > 0. Then provided that the family C satisfies certain explicit conditions and BDH holds for intervals short enough, for odd integers N we have
Here the products are taken over rational primes satisfying the stated conditions, · is the Kronecker symbol, ν (·) is the usual -adic valuation, and N := N/ ν (N ) is the -free part of N .
Note that K(N ) is uniformly bounded as a function of N and that N/ϕ(N ) log log N . Unconditionally, we also obtain an upper bound for the average that is of the correct order of magnitude.
One reason that this work is important is that it provides a model for understanding the problem of finding curves of specified order. If we assume that there are roughly 4 √ N / log N relevant primes, then we can interpret the result as saying that when searching for curves in the family C and primes of the correct size, the probability of finding a pair (E, p) such that #E(
Another reason that Theorem 1 is interesting is that the main term of the average does not depend solely on the size of the integer N . Rather it also depends on some arithmetic properties of N as it involves the factor K(N )N/ϕ(N ). The occurrence of the weight ϕ(N ) appearing in the denominator suggests that this is another example of phenomena that are 2 governed by the Cohen-Lenstra heuristics [1, 2] . In particular, the Cohen-Lenstra heuristics predict that random groups G occur with probability weighted by 1/#Aut(G). Notice that if as an additive group #E(F p ) Z/N Z, then #Aut(E(F p )) = ϕ(N ). Indeed, in the absence of other biases, the Cohen-Lenstra heuristics predict that relative to other groups of same size, the cyclic groups are the most likely to occur. In some work in progress, David and I are exploring this Cohen-Lenstra phenomenon further. In particular, we are considering the average of M E (G) := # {p : E(F p ) G} for those Abelian groups G which may occur as the group of F p -rational points of an elliptic curve. Theorem 1 contains one unfortunate gap in that it only holds for odd N . The same result should hold for even N , perhaps with some minor modifications to the function K(N ). In view of the interpretation (2), it is desirable to fill this gap. I am very eager to advise graduate students, and I believe that a nice project to pursue in collaboration with a student would be to extend Theorem 1 to include even integers N . Other possible projects for students would be to consider the average taken over other families of curves/models that are popular for use in various applications.
The trace of Frobenius. Besides studying the quantity #E(F p ), I have also devoted considerable efforts to studying the trace. An important open problem of Lang and Trotter [12] concerns the prime counting function
where t is a fixed integer. The Lang-Trotter conjecture is the assertion that except for the case when t = 0 and E has CM, there exists a nonnegative constant C E,t such that
The constant C E,t was explicitly described by Lang and Trotter in terms of the Galois representation associated to the Tate module of the curve. The t = 0 case of the conjecture tells us how often the reduced curve E p is supersingular, while the t = 1 case tells how often the reduced curve is anomalous. Such curves are generally avoided in cryptographic applications because the elliptic curve discrete log problem can be solved quickly. No nontrivial case of the conjecture has been settled to date. Though various bounds for π E,t (x) appear in the literature [15, 20, 6, 16] , none come close to the conjectured order of magnitude. In order to gain evidence for the conjecture, Fouvry and Murty [7] proved that the supersingular case of (4) holds on average over all rational elliptic curves. This was later extended by David and Pappalardi [4] to all integers t.
In recent work with Kevin James [9, 8] , I extended the program started by Fouvry and Murty to the setting of number fields, which are finite degree field extensions of Q. If K is a number field and p is a prime ideal of the ring of integers O K , then we write Np := #(O K /p) for the norm of p, which must be equal to some rational prime power, say p f . We refer to the integer f as the absolute inertial degree and write deg p = f . In this setting, the heuristics of Lang and Trotter [12] may be generalized to consider the prime ideal counting function
In this situation, Hasse's bound implies that |a p (E)| ≤ 2 √ Np, and it is conjectured that there exists a nonnegative constant C E,t,f such that
An explicit description of the constants C E,t,f is entirely absent from the literature except for the case when K = Q, which was worked out by Lang and Trotter [12] . In all other cases, the constants remain quite mysterious. Extending the program of Fouvry and Murty to this setting, James and I showed the following in [9] .
Theorem 2 (James-Smith). There exists an explicit constant C t,1 such that
provided that the family C K satisfies certain explicit conditions. Furthermore, if f ≥ 3, then
provided that the family C K satisfies certain explicit conditions.
This result represents a nontrivial generalization of the program of Fouvry and Murty. In particular, the f = 1 case required me to develop the appropriate number field analogue of the celebrated Barban-Davenport-Halberstam Theorem [18, 19] . The f = 2 case of the average Lang-Trotter problem presented us with serious difficulties which we are only recently able to resolve under certain conditions on the extension K/Q. Actually, we are able to compute what should be the main term in all cases, but a certain average error problem for the Chebotarëv Density Theorem prevents us from being able to fully solve the problem except in certain cases.
The classical Barban-Davenport-Halberstam (BDH) Theorem [3, p. 169] may be viewed as giving a bound on the variance for the Chebotarëv Density Theorem when averaging over the family of all ray class fields of Q. The result is important because it provides an unconditional upper bound on the variance that is as strong as what is predicted by the Generalized Riemann Hypothesis. However, for many applications such as the f = 2 case of the average Lang-Trotter problem, a version of BDH is required that can address an average over some non-Abelian extensions. This is the subject of my work in [17] . For the sake of brevity, I will describe only a special case of this work.
Let K/Q be a Galois extension of finite degree with group G. For each positive integer q ≥ 1, let ζ q denote a primitive q-th root of unity. Then the composite extension K(ζ q )/Q is Galois. Assume that K ∩ Q(ζ q ) = Q. Then the Galois group Gal(K(ζ q )/Q) is isomorphic to G × (Z/qZ) × . In particular, the extension is non-Abelian if and only if G is non-Abelian. It follows from the Chebotarëv Density Theorem and a little algebraic number theory that if gcd(a, q) = 1, then
The following is a special case of the main theorem of [17] .
where the on the outer summation indicates that the sum is to be restricted to those q ≤ Q satisfying the condition K ∩ Q(ζ q ) = Q.
In the case that G is a perfect group (i.e., G is equal to its own commutator subgroup), the result can be sharpened into an asymptotic formula for the variance. Using the results of [17] , Kevin James and I have made significant progress on the f = 2 case of the average Lang-Trotter problem. After suppressing all technical details, the following is the main theorem of [9] .
Theorem 4 (James-Smith). Let t be an odd integer. Then under certain explicit conditions on the extension K/Q, there exists an explicit constant C t,2 such that 1 #C K E∈C K π E,t,2 (x) ∼ C t,2 log log x, provided that the family C K satisfies certain explicit conditions.
This line of research continues to provide interesting avenues to explore, many of which should be appropriate for collaboration with graduate students. The work is important because the average constants C t,f shed light on what the constants C E,t,f should like for a fixed curve. An explicit description of the constants C E,t,f is still missing from the literature. The degree one case (f = 1) should follow from an adaption of the Lang-Trotter heuristics, but it is not yet clear what should be the case for higher degrees. I plan to study this question further. Theorem 2 says that the average of π E,t,f (x) is bounded as x → ∞ if f ≥ 3. It would be interesting to try to say something more precise such as 1 #C K E∈C K π E,t,3 (x) = C t,3 + o(1),
where C t,3 would be explicitly given.
For more information about my research, including preprints, please visit my website at http://www.crm.umontreal.ca/~smitheth/research/.
5
